We consider a stationary germ-grain model with convex and compact grains and the distance r(x) from x 2 I R d to . For almost all points x 2 I R d there exists a unique point p(x) in the boundary of so that r(x) is the length of the vector x ? p(x), which is called the spherical contact vector at x. In this paper we relate the distribution of the spherical contact vector to the times it takes a typical boundary point of to hit another grain if all grains start growing at the same time and at the same speed. The notion of a typical point is made precise by using the generalized curvature measures of . The result generalizes a well known formula for the Boolean model. Speci c examples are discussed in detail.
Introduction
Let be a stationary random closed set in IR d , d 1, de ned on the probability space ( ; F; P) and of the form = 1 n=1 n ;
where the n , n 2 IN, are random non-empty compact and convex sets, and where it is assumed that each bounded subset of IR d is intersected by only a nite number of the n . Such a model is known as a (stationary) germ-grain model (see e.g. Stoyan, Kendall and Mecke, 1995) , the n being called the grains. Let r(x), x 2 IR d , denote the Euclidean distance of x from . Due to stationarity the distribution of r(x) does not depend on x, i.e. can be represented by the distribution of r(0), where 0 is the zero vector. We assume that the volume fraction of is less than 1, i.e. that Then the distribution P(r(0) 2 j0 = 2 ) is well de ned. It is called the spherical contact distribution of . For a given ! 2 let (!) be the set of all those points x 2 IR d for which jjx ? yjj = r(x) for at least two di erent points y 2 (!), where jj jj denotes Euclidean norm. The set (!) is known as the skeleton of IR d n (!) (see e.g. Serra, 1982, for a detailed discussion of skeletons). The skeleton can also be interpreted as de ning a Voronoi diagram (see e.g. Okabe, Boots and Sugihara, 1992 , for this point of view). Dynamically speaking, if from each boundary point of (!) a particle moves in each of the outer normal directions from that point, and if all particles start moving at the same time and are moving at the same speed, then (!) is the set of locations where collisions take place. An outer normal of (!) at x is de ned as a vector w 2 IR d satisfying (!) 
) = 0, and hence, due to stationarity, P(0 2 ) = 0. Thus P(r(0) 2 j0 = 2 ) = P(r(0) 2 j0 = 2 ( )): For x = 2 ( ) there is a unique point p(x) 2 @ , the boundary of , such that jjx ? p(x)jj = r(x), and we de ne p(x) := x for x 2 ( ). The vector (x ? p(x))
is called the spherical contact vector of at x, and its distribution, more precisely the distribution P(x ? p(x) 2 jx = 2 ) = P(?p(0) 2 j0 = 2 )
is the topic of the present paper. Of course, the study of the spherical contact distribution will be automatically included. The skeleton will play a central role in this study in that our main result is an expression of the distribution of the spherical contact vector at the (\typical") reference point 0, 0 = 2 ( ), in terms of the distribution of the time or times -speaking in the above dynamical sense -it takes the particle or particles starting in a \typical" boundary point of to hit the skeleton. The precise formulation of this result will be deferred to Section 2. In the case d = 1 the grains would be closed intervals or just points. In the latter case is a stationary point process, and the skeleton, , is the point process of the midpoints between two adjacent points of . In this case our result boils down to a well known relationship between the distribution of the distance from the point 0 to the nearest (in both directions) point of and the distances between a typical point of and the nearest midpoints to the left and right of this point. If the latter distribution is known, as it would be if were a renewal process, then the former distribution would be expressed \explicitly in known terms". Our main result can be viewed as a generalization of this relationship between distributions.
The simplest (and perhaps most appealing) special case of this result, for general dimension d, is the case where the grain boundaries are smooth (d ? 1)-dimensional manifolds. Figure 1 gives an illustrative example of a realization of such a random closed set, where the grain boundaries are as simple as possible, i.e. spheres. The dashed lines form the skeleton. In the case of circular cell boundaries in IR 2 , these dashed lines are segments of hyperbolas. The skeleton is a closed set of d-space. The union of all the grains is denoted by , and @ denotes the boundary of . The question we ask is this: given that does not contain a previously xed observation point x, what is the corresponding conditional probability distribution of the distance r(x) from x to (the nearest point of) , i.e. to the nearest grain? Due to the translation invariance of P, this distribution does not depend on the choice of the point of observation. We show that it has a density, say f(r), r 0, and derive the following formula (see: (2.13)):
Here @ is the expected (d ? 1)-dimensional content of @ as found in a cube of unit volume, and the expectation in this formula can be interpreted as the conditional expectation of the random variable 1f (z) rg
given that z is a randomly chosen point of @ . The random variable (z) denotes the distance from z to the skeleton, measured in the direction of the outer normal on at the point z, and the random variables c i (z) denote the principal curvatures of @ at the point z. The points where and c i are not uniquely de ned can be neglected. In the case where the grains are balls (as in Figure 1 ) the principal curvatures are all identical to the (random) inverse radius of the ball on which z is situated.
The plan of this paper is as follows. In Section 2 the main result is formulated (Theorem 2.1) and discussed. It will be clear from the dynamical view given above that notions and results closely related to the notion of parallel convex bodies will enter the analysis as well as the nal result. Indeed, we will use (random) generalized curvature measures and the local Steiner formula, all well known in integral geometry. As a matter of fact our nal result is of a nature familiar from integral geometry (see e.g. the survey Schneider and Wieacker, 1993) . For the use of random curvature measures in stochastic geometry we refer to Z ahle (1986) and Weil and Wieacker (1993) . It will also be clear from what we have said above about \typical" points that Palm measures will play a role. The proof of Theorem 2.1 is deferred to Section 3, where it comes out as a straightforward application of a purely deterministic (and apparently new) formula, which belongs to the realm of integral geometry (Theorem 3.1). The rest of the material presented in this paper is just a collection of examples worked out in some detail. Some of these are already included in Section 2. Example 2.6 speci es as a Boolean model, and we show that, in this exceptional case, our result yields a well known \explicit" formula for the spherical contact distribution. Example 2.7 deals with the case where the grain boundaries are smooth (d ? 1)-dimensional manifolds. Here our main result simpli es considerably (formula (2.12)), even more so when the grains are balls (formula (2.14)). In Example 2.8 another \extreme" case is discussed, i.e. the case where the grains are polytopes. Section 2 closes with Example 2.9, where the grains are k-spheres, for some xed k < d. In the remaining sections we will discuss two special cases more extensively. In Section 4, will be a point process so that forms the Voronoi tessellation generated by . In Section 5, is the boundary of convex and bounded cells tessellating IR d .
The spherical contact distribution plays an important role in applications, e.g. in the elds of stereology and spatial statistics (see e.g. Matheron, 1975 , Serra, 1982 , Stoyan, Kendall and Mecke, 1995 , Saxl 1991 ). Yet theoretical results are rather sparse. If is given according to a Boolean model with convex grains then there is an explicit expression for contact distributions in terms of the means of Minkowski functionals of a typical grain. Muche and Stoyan (1992) computed the spherical contact distribution for the Poisson Voronoi tessellation. Mecke and Muche (1995) have formulae for the distribution of a typical Poisson Voronoi cell. Heinrich (1995) gives a formula for the contact distributions of the Voronoi tessellation generated by a stationary point process using the Palm distribution of that point process.
Our interest in the topic was stimulated by D. Stoyan who asked us whether the ow conservation law of Last and Schassberger (1996a) could be applied to yield results for the spherical contact distribution. The pursuit of this question naturally leads to introducing the skeleton into the game. The ow conservation law can then be applied to the random closed set @ and the vector eld x ? p(x) de ned above. However, certain smoothness properties of are necessary for this application, and only special cases of Theorem 2.1, such as the case of Example 2.7 and the tessellation examples of Sections 4 and 5, can be obtained directly in this way. This is carried out in Last and Schassberger (1996b) . It is possible to proceed from here to the full result of Theorem 2.1 via approximation arguments. However, a referee for Last and Schassberger (1996b) has suggested that the results of that paper might be obtained more directly from a rather general result for this distribution given in Baddeley and Gill (1994) . This is indeed the case. The corresponding result in Baddeley and Gill (1994) has been derived using the coarea formula (see Federer, 1969) , and by applying this theorem twice in a suitable way it is possible to derive the result of our present Theorem 2.1. The most direct and natural aproach is the one presented below. 2 The result and some examples
First we have to recall some notions from integral geometry, see Schneider (1980 Schneider ( , 1993 . satisfying the assumptions of the previous section. Strictly speaking, f n : n 2 INg is assumed to be a (simple) stationary point process on K n ; with a positive intensity, see Weil and Wieacker (1984, 1993) for more details. By de nition, a point process has to be locally nite which means in our context that each bounded subset of IR d is intersected by only a nite number of the grains n . There exists a stationary marked point process f( n ; 0 n ) : n 2 INg with marks in Kn; such that n = 0 n + n , n 2 IN, and such that the intensity of the point process := f n : n 2 INg is positive. Throughout the paper we think of stationarity as being expressed in terms of an abstract measurable ow on the basic probability space, which we do not make explicit (see the appendix in Last and Schassberger, 1996b) . In our terminology we follow Stoyan, Kendall and Mecke (1995) , who use a canonical framework. The random measures The measure H d?1 ( IR + ) is non-negative. Weil (1996) contrast to the probability measures F + j , which satisfy F + j (f0g) = 0. At the cost of some elegance we can reformulate Theorem 2.1 using Palm probabilities of the marked point process f( n ; 0 n )g. We assume now that < 1 and denote by P the Palm probability of the point process . Suppose that P K ( ) is a regular version of the conditional probabilities P ( j (0) = K), where (x) := 0 n if x = n for some n 2 IN.
Otherwise we let (x) := K 0 for some xed convex body K 0 in IR d . As before we denote by M := P( (0) 2 ) the distribution of the grain associated with a typical point of . Theorem 2.5 Assume that < 1. Let j 2 f0; . . . ; d ? 1g and assume that V j < 1. Using the well known representation of curvature measure as surface integrals over the normalized symmetric functions of the principal curvatures (see e.g. Bonnesen and Fenchel, 1934) , (2.6) can be written in the following form:
where ( (1 + rc i (0)) # dr; (2.12) where E @ denotes the expectation with respect to P @ . In particular,
(1 + rc i (0)) # dr; (2.13) a result that has been proved in Last and Schassberger (1996b) with the aid of the ow conservation law of Last and Schassberger (1996a) Example 2.8 Assume that each n is a bounded polytope. For each polytope K we let F j (K), j = 0; . . . ; d ? 1, denote the set of all j-faces of K (see Schneider, 1993) . It is well known (and can easily be seen from (2.1)) that
where N( n ; F) is the normal cone of n at a point in the relative interior of F and where Otherwise we let j;x equal some xed probability measure. It follows that G + j (d(w; r)) = E j j;0 (d(w; r)), provided that + j > 0, where E j denotes the expectation with respect to the Palm probability of the random measure + j ( ) = H j (F j \ ).
Example 2.9 Let k 2 f0; . . .; dg and assume that each grain n is a k-sphere in IR d , i.e.
the intersection of a k-dimensional at with a closed ball in IR d . The at as well as the center and the radius R n > 0 of the ball associated with n are random and may di er for di erent n. Only the general assumptions of this section should be satis ed. Let n 2 IN.
For j k + 1 we have C 0 j ( n ; ) = 0. For k d ? 1 we have C 0 k ( n ; ) (2.16) = 1
where E n is the a ne hull of n and E ? n is the linear subspace of IR d perpendicular to E n . Note that E ? n is the normal cone of n at x 2 relint n (the relative interior of n with respect to E n ). For 0 j k ? 1 and k 1 we have C 0 j ( n ; ) (2.17)
where N( n ; x) is the normal cone of n at x, @ n is the boundary of n relative to E n and a k := H d?k (N( n ; x) \ S d?1 ) is independent of x 2 @ n . When specialized to the curvature measures these formulae follow immediately from the form of the curvature measures of balls in IR k and the fact that these measures do not change under imbedding in a space of higher dimension. The step to the generalized curvature measures can be made by using appropriate symmetry arguments. Quite naturally, we now de ne two and an easy calculation yields the well-known relationship
where E is the expectation with respect to the Palm probability P and where, for z 2 , C z := fy : M(y) = fzgg is the Voronoi cell generated by z. Other formulae on stationary Voronoi tessellations can be found in M ller (1989), Stoyan, Kendall and Mecke (1995) and Baddeley and Gill (1992) .
Recall that the point process is called isotropic if its distribution is invariant under rotations around the origin.
Corollary 4.2 Assume that the distributions P ( (0; w) 2 ) are for H d?1 -almost all w independent of w 2 S d?1 . Then, under the stationary probability measure P, the random elements r(0) and u(0) are independent and u(0) is uniformly distributed on S d?1 . In particular, this conclusion can be made if is isotropic.
Proof. The rst assertion is an immediate consequence of (4.1). If is isotropic then it can be easily proved (see Stoyan, Kendall and Mecke, 1995) that the Palm distribution of (i.e. the distribution of under the Palm probability P ) is also invariant under rotations around the origin. It follows that P ( (0; w) 2 ) is independent of w. It is perhaps more convenient to express this result in terms of the point process N := fX n : n 2 INg, where X n is a center of cell C n de ned in a translation invariant way. For instance, X n could be taken as the midpoint of the circumsphere of C n . For x 2 N we let C(x) denote the unique cell C i containing x. Let y 2 @C(x) and assume that y 2 relint n for some n 2 IN. Then we let x (y) = (y; n x (y)), where n x (y) is the unique unit vector perpendicular to n and pointing into the half-space containing x. For all other y 2 @C(x) we set n x (y) := w 0 for some xed w 0 2 S d?1 . Note that n x (y) depends only on the face n containing y. If N < 1 then an easy calculation transforms formula 1f 0 (y) rg1f(r; n 0 (y)) 2 gH d?1 (dy)dr : (5.2) Muche and Stoyan (1992) give concrete formulae for the spherical contact distribution of Poisson Voronoi tessellations.
In the remainder of the section we assume that d = 2 and that each i is a triangle.
It is then convenient to choose the center X i 2 i as the in-center of i . For x 2 i we let A(x) denote the area of i . Note that r( i ) is the radius of the incircle of i . The next result relates the spherical contact distribution of to the distribution of the radius r(0) of the incircle for a typical triangle.
Theorem 5.1 Assume that d = 2 and that each i is a triangle and let N be the point process of in-centers introduced above. Assume that N < 1. Then P(r(0) 2 dr) = 2 N E N 1fr (0) Apparently, formula (5.1){(5.3) have not been previously appeared in the literature.
